In this paper the optimal control and parameters design of fractional-order vehicle suspension system are researched, where the system is described by fractional-order differential equation. The linear quadratic optimal state regulator is designed based on optimal control theory, which is applied to get the optimal control force of the active fractional-order suspension system. A stiffness-damping system is added to the passive fractional-order suspension system. Based on the criteria, i.e. the force arising from the accessional stiffness-damping system should be as close as possible to the optimal control force of the active fractional-order suspension system, the parameters of the optimized passive fractional-order suspension system are obtained by least square algorithm. An Oustaloup filter algorithm is adopted to simulate the fractional-order derivatives. Then, the simulation models of the three kinds of fractional-order suspension systems are developed respectively. The simulation results indicate that the active and optimized passive fractional-order suspension systems both reduce the value of vehicle body vertical acceleration and improve the ride comfort compared with the passive fractional-order suspension system, whenever the vehicle is running on a sinusoidal surface or random surface.
dynamical behaviors of viscoelastic materials than integer-order one. Accordingly, in order to study the vehicle suspension system conveniently and effectively, fractional-order derivative should be introduced into the model of vehicle suspension system. Nowadays, more and more attention has been paid on the fractional-order vehicle suspension system. Moreau and Altet researched the stability and control strategy of fractional-order vehicle suspension system. 5, 6 Daou et al. emphasized the inertial effect and the nonlinear relations involved in the fractional-order vehicle suspension system. 7, 8 Daou et al. also dealt with the effects of the structural uncertainties on the fractional-order vehicle suspension system. 9 The passive vehicle suspension system was firstly presented by Olley in 1930s, which was generally composed of the stiffness-damping system. However, the parameters of passive vehicle suspension system could not be adjusted after they were determined. In other words, the parameters in the passive vehicle suspension system could not be changed with the external excitation, which limited the vehicle performance. The passive vehicle suspension system was most widely used because of its simple structure, reliable performance, and low cost. In recent years, along with the rapid development of vehicle technology, the requirements on ride comfort are getting higher and higher. Therefore, industrial countries had already begun to study the semi-active and active control systems, and the vehicle suspension system has experienced the changes from passive to semi-active and active forms. 10, 11 Although there are so many significant works in the area of optimal control and parameters design of the traditional vehicle suspension system, there is little significant work on the problem of the optimal control and parameters design of the fractional-order vehicle suspension system.
In this paper, the optimal control and parameters design of the fractional-order vehicle suspension system are investigated. The primary aim of this study is to improve the ride comfort, which means that the vertical vibration acceleration of vehicle body is reduced while the suspension deformation and the dynamic load of tire are controlled in permissible ranges. The fractional-order derivatives in the system come from the viscoelasticity of isolation devices, and they could be solved by approximate analytical method 12 and Oustaloup filter algorithm respectively. 13 The optimal control force of the active fractional-order vehicle suspension system is obtained based on optimal control theory, where the fractional-order derivatives in the system are replaced by the integer-order counterpart. A stiffness-damping system is added to the passive fractional-order vehicle suspension system, and the force arising from it should be as close as possible to the optimal control force of the active fractional-order suspension system. The passive fractional-order vehicle suspension system is optimized by using this method. Then, the parameters of the optimized passive fractional-order vehicle suspension system are obtained based on least square algorithm. This paper is organized as follows. In ''Dynamical model of active fractional-order vehicle suspension system'' section, the dynamical model of active fractional-order vehicle suspension system is established. In ''Processing fractional-order derivatives'' section, the processing method of the fractional-order derivatives is presented. In ''The solution of optimal control force'' section, the optimal control force of the active fractional-order vehicle suspension system is obtained. In ''Optimization of passive fractional-order vehicle suspension system'' section, the parameter optimization of the passive fractional-order vehicle suspension system is discussed. In ''Optimization example of fractional-order vehicle suspension system'' section, the performances of the three kinds of fractional-order vehicle suspension systems are studied in time domain and frequency domain respectively. Finally, the conclusions are made in ''Conclusions'' section.
Dynamical model of active fractional-order vehicle suspension system
In this paper, a simplified quarter-vehicle model is selected as the research object, which is shown in Figure 1 . According to Newtonian second law, the differential motion equation could be established as
where m 1 , m 2 , k 1 , k 2 , and c 1 are the sprung mass, the unsprung mass, suspension stiffness, tire stiffness, and suspension damping coefficients, respectively. Fractional-order derivative in this system comes from the viscoelasticity of isolation devices, such as the air spring or MR damper. The force-deformation relationship of viscoelastic materials in this system could be expressed as F vm ¼ kD p t ðz 1 À z 2 Þ, where F vm is force, z 1 À z 2 is the suspension dynamic deformation, and D p t ðz 1 À z 2 Þ is the fractional-order derivative of z 1 À z 2 to t with the fractional coefficient kðk 4 0Þ and the fractional order pð0 p 1Þ. u, q, z 1 , and z 2 are the active control force, the road input, the displacement of vehicle body, and the tire, respectively.
Processing fractional-order derivatives
The concept of fractional-order derivatives was firstly presented by Hospital and Leibniz in the late 1600s. After 300 years of development, several different definitions of fractional-order derivatives were presented by mathematicians. 14, 15 Here Caputo's definition is adopted
where ÀðxÞ is gamma function satisfying Àðx þ 1Þ ¼ xÀðxÞ.
At present, the computation methods of fractional-order derivatives are roughly divided into three kinds, i.e. approximate analytical method, numerical simulation, and filter algorithm. 16, 17 In this paper, the approximate analytical method and filter algorithm are adopted.
Oustaloup filter algorithm of fractional-order derivatives
Under zero initial conditions, the Laplace transform of fractional-order derivatives is At present, the approximate filter algorithm of fractional-order derivatives includes three forms, i.e. continued fraction approximation, 18 Charef approximation, 19 and Oustaloup approximation. 20 In this paper, Oustaloup approximation is adopted. The principle of Oustaloup filter algorithm is that using higher-order transfer function approximately to replace the fractional-order operator s p . Assuming that the fitting frequency band is (! b ,! h ), and the filter order is N, Oustaloup filter can be obtained as following
where
If Oustaloup filter order N is 3, 5, and 9, respectively, the effects of the filter approximation are shown in Figure 2 for p ¼ 0:5, ! b ¼ 0:001 rad=s, ! h ¼ 1000 rad=s. Comparing the filter approximation effects under different filter orders, it can be concluded that Oustaloup filter algorithm has a high accuracy in the selected frequency range when N ¼ 9. 
Approximate analytical method of fractional-order derivatives
Substituting xðtÞ ¼ a sinð!t þ 'Þ into equation (2), the following equation can be obtained
Let t À ¼ y, equation (7) can be rewritten as
Differentiating equation (8) , the following result can be obtained
Introducing two formulae
where O½ð!tÞ ÀpÀ1 is high-order infinitesimal of ð!tÞ ÀpÀ1 . And substituting equation (10) into equation (9), the following result can be obtained
Here we assume that Differentiating equation (12) , the following equation can be established
Because equation (11) and equation (13) are equal, one can obtain
Therefore any trigonometric function meets the following equality
The solution of optimal control force
The fractional-order derivatives in the system can be replaced by integer-order counterpart, when the vehicle is running on a sine surface. 22 In order to use optimal control theory to find the explicit form of the optimal control force, equation (1) should be rewritten as the state equation. Considering state vector as
and the output vector
the system state equation can be obtained as
The primary aim of this study is to find out an optimal control force which makes the active fractional-order vehicle suspension system achieve the optimal performance. The performance of vehicle suspension system can be quantitatively evaluated in three indexes, i.e. the vertical acceleration of vehicle body which represents the ride comfort, the suspension dynamic deformation which represents the body posture and the suspension structure, and the dynamic load of the tire which represents the tire grounding characteristics. But these three performance indexes are normally contradictory. Therefore, the target performance index J can be set as the mean integral value of the weighted square sum of the active force, the body vertical vibration acceleration, the dynamic deformation of the suspension, and tire J ¼ 1 2
where q 1 , q 2 , q 3 , and r are weighting coefficients. Substituting equation (19) into equation (20), the following equation can be obtained
Based on optimal control theory, there is an optimal control force
where the feedback gain vector is
The matrix P can be achieved from the Riccati matrix algebraic equation
Optimization of passive fractional-order vehicle suspension system A stiffness-damping system is added to the passive fractional-order vehicle suspension system, and the force arising from it should be as close as possible to the optimal control force of the active fractional-order vehicle suspension system. By using this method, the parameters of the optimized passive vehicle suspension system can be obtained. The force arising from the accessional devices is
where k 0 and c 0 are the stiffness and damping coefficients of the accessional devices, respectively. The closer f ¼ u Ã À u 0 j j gets to zero, the better the performance of optimized passive vehicle suspension system will be. Substituting equation (22) and equation (24) into f, the following equation can be obtained
Based on least square algorithm, the following function H can be constructed
where i 4 0 (i ¼ 1, 2, 3, 4, 5) are weighting coefficients. Taking the first-order partial derivative of equation (26), and let it equal to zero, one can obtain
i is generally adjusted relying on the designer's own experience, which is subjective and blind. Therefore the approximation precision is low. In this paper, because of we choose the state vector X reasonably, 2 =ð 1 þ 2 Þ and 3 =ð 3 þ 4 Þ are both changed in 0, 1 ½ , which reduces the subjective speculation and improves the approximation precision. By appropriately selecting 2 =ð 1 þ 2 Þ and 3 =ð 3 þ 4 Þ, k 0 and c 0 can be achieved from equation (27). If k 0 4 0 or c 0 4 0, the corresponding spring or damper should be added to the system. On the contrary, the stiffness coefficient or the damping coefficient of the system should be reduced.
Optimization example of fractional-order vehicle suspension system
A set of suspension parameters is selected, which is shown in Table 1 . The main factors affecting the ride comfort include the road input, the performance of tire, and suspension. Among them, the suspension performance has the biggest influence on the ride comfort. In this paper, the main purpose is to improve the ride comfort, and coordinate the relationship between the ride comfort, the driving safety, and the tire life. Through a lot of trials, the weighting coefficients can be selected as q 1 ¼ 6:5 Â 10 9 , q 2 ¼ 3 Â 10 10 , q 3 ¼ 10 6 , r ¼ 1, 1 ¼ 1, 2 ¼ 20, 3 ¼ 1, and 4 ¼ 50, respectively. When the vehicle is running on a sinusoidal surface, i.e. a sinusoidal wave with the frequency ! ¼ 30 rad=s, the system feedback gain matrix K can be obtained by using MATLAB/LQR
The parameters of the accessional stiffness-damping system can be achieved from equation (27)
Next, the simulation model of the optimized passive fractional-order vehicle suspension is developed, when the vehicle is running on a sinusoidal surface and a random surface, respectively. Its simulation results are compared with those of the original passive and the active systems in time domain and frequency domain, respectively. In the random case the main evaluation indexes of the vehicle suspension system are root mean square (RMS) of steadystate vertical vibration acceleration of the vehicle body, the suspension dynamic deformation and the dynamic load of the tire. The simulation results are shown in Figure 3 to Figure 6 , when the vehicle is running on a sinusoidal surface whose amplitude is 0:005 m and the frequency changes in ½0 Hz, 30 Hz. The following conclusion can be obtained from Figure 3 to Figure 6. 1. The force u Ã and u 0 are very close except at the resonance frequencies. At the same time, the performances of the active and optimized passive suspension systems are also very close except at the resonance frequencies. 
2. The active and optimized passive suspension systems both significantly reduce the vehicle body vertical acceleration, and ride comfort is improved significantly. In this regard, their effects are very well. 3. In regard of the dynamic deformation of suspension, the effects of the active and optimized passive suspension systems are not good compared with the passive suspension system. But the weakness is not so significant to affect the whole performance of the suspension system. 4. In regard of the dynamic load of the tire, the active and optimized passive suspension systems present good effect compared with the passive suspension system in ½0 Hz, 8 Hz, but it is contradictory in ½8 Hz, 20 Hz. The three different control strategies almost have the same effects, when the excited frequency is too large. The dynamic load of tire will not affect the driving safety, as long as it is changed in the allowed range.
The filtering white noise is used to simulate the random road input. The mathematical model in time domain is where 1 is the lower spatial cut-off frequency, and it is usually taken as 0:011=m. v is the vehicle speed, 0 is the reference spatial frequency, G q ð 0 Þ is the pavement roughness coefficient shown in Table 2 , and wðtÞ is the filtering white noise with the noise power 0.5. First the aforementioned Oustaloup filter algorithm is adopted to simulate fractional-order derivatives. And then, the simulation model of optimized passive fractional-order vehicle suspension system is developed. The simulation results are compared with those of the active and passive suspension systems, and they are summarized in Table 3 , where the vehicle is running on different road levels from A to D with v ¼ 20m=s. The B-class road model is shown in Figure 7 . The time histories of the vertical accelerations of the vehicle body under three different control strategies are shown in Figure 8 to Figure 10 , when the vehicle is running on B-class road with v ¼ 20 m=s. From Figure 8 , Figure 9 , Figure 10 , and Table 3 , it can be seen that the active and optimized passive suspension systems could significantly reduce vertical acceleration of the vehicle body. In regard of the dynamic deformation Figure 7 . B-class road model. of suspension and dynamic load of tire, the effects of the active and optimized passive suspension systems are not good compared with the passive suspension system. However, the weakness is not so significant to affect the whole performance of the suspension.
Conclusions
In this paper, the optimal control force of the active fractional-order vehicle suspension system is obtained based on optimal control theory, where the fractional-order derivative in the system is replaced by the integer-order counterpart. A stiffness-damping is added to the passive fractional-order vehicle suspension system and the force arising from it should be as close as possible to the optimal control force of the active fractional-order vehicle suspension system. The passive fractional-order vehicle suspension system is optimized by using this method. Then, the parameters of the optimized passive fractional-order vehicle suspension system are obtained based on least square algorithm. Finally, we compared the response of three kinds of vehicle suspension systems. The simulation results indicate that the active and optimized passive suspension systems both reduce the values of the vertical acceleration of vehicle body and improve the ride comfort compared with the passive suspension system, whenever the vehicle is running on a sine surface or random surface. This paper provides a guideline for the optimal control and parameters design of fractional-order vehicle suspension system, and also provides a simple and easy method for solving the similar engineering problems.
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